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Abstract. In this paper new notions of normality are introduced in intuitionistic fuzzy
topological spaces using ngP closed sets. In addition, it is established that this property is
preserved by the continuous maps. The links between ngP normality, almost =g
normality and mildly =g normality are further investigated. In particular it is shown that
that the addition of simple condition to the definition of 3-normal space yields a property
called g3 normal space which is the weaker of B-normality.
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1. Introduction

Atanasov [4] generalized the idea of fuzzy sets and the concept of
intuitionistic fuzzy sets was introduced .On the other hand Coker [6] introduced
intuitionistic fuzzy topological spaces using intuitionistic fuzzy sets .In a
topological space, several new classes of subsets can be obtained by repeatedly
using interior and closure operators. Some of them are found to show remarkably
interesting properties. A good number of research papers in recent years have
been devoted to the study of these classes of sets and various notions related to
them .Such class, the mgp-closed sets, was introduced and studied in
Intuitionistis fuzzy topological spaces in (Jenitha Premalatha and Jothimani ,
2012). In this paper, we extend the notion of normality called ngp -normality in
Intuitionistic fuzzy topological spaces. The property of almost normality was
introduced by the authors Singal and Arya [12] . The notion of mildly normal
space was introduced by and Singal and Singal [13] independently. Mahmoud et
al. [2] introduced the notion of p-normal spaces and obtained their
characterizations and preservation theorems. The notion of quasi 3-normal and
mildly p—normal spaces were introduced by M. C. Sharma and Hamant Kumar
[8].

The problem is that we will discuss here is what happens to these results
when the normality is replaced with the ngB normality in intuitionistic fuzzy
topological spaces.
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2. Preliminaries

Definition 2.1. [2] An intuitionistic fuzzy (IF) set A in X is an object having the
form A = {<x, pa (X), va(X)>/ xe X} where pa(x) and va(x) denote the degree of
membership and non-membership respectively , and 0 < pa (x) + va(x) <1 .
Definition 2.2. [2] Let A and B be IFSs of the form A ={<x, pa (X), va(X)> /
xeX} and B = { <x, ug (x), va(X)>/ xe X}. Then

1)A B if and only if pa (x) < pg (x) and va(x) > vg(X) for all x e X
il)A=Bifandonlyif AcBandBc A

ii)A° = {< x, va(x), pa(X)>/ x € X}

IV)A N B = {<x, pa(X) A pe(x), va(X) v va(X) >/ x € X}

V)A U B = {<x, pa(X) v ps(x), va(x) A ve(X)>/x € X}.

Definition 2.3. [4] An intuitionistic fuzzy topology (IFT for short) on X is a
family T of IFSs in X satisfying the following axioms.

1)0-, 1- et

i1)G1 N Gyerforany Gy, Gy et

iii)uG;j e 1 for any family {G; /i e J} c .

Definition 2.4. [4] Let (X, 1) be an IFTS and A = <X, ua, va> be an IFS in X.
Then the intuitionistic fuzzy interior and intuitionistic fuzzy closure are defined by
IF-Int(A) = uU{G/Gisan IFOSin X and G c A}

IF-CI(A) =N{K/Kisan IFCSin X and A c K}

An IF subset A is said to be IF regular open [11] if A = IF-Int(IF-CI(A)) The
finite union of IF regular open sets is said to be IFr-open [11]. The complement
of a IFx- open set is said to be IFn- closed [11]. A is said to be IFB-open [1] if
AcIF-CI(IF-Int(IF-CI(A))). The family of all IFB-open sets of X is denoted by
IFBO(X). The complement of a IFB—open set is said to be IFp—closed [1]. The
intersection of all TF p—closed sets containing A is called IFB—closure [2] of A,
and is denoted by IFBCI(A). The IFB-Interior [2] of A, denoted by
IFBint(A), is defined as union of all IFB-open sets contained in A. It is well
known TFB-CI(A) = AUIF-Int(IF-CI(IF-Int(A))) and [F-B-Int(A)= ANIF-
CI(IF-Int(IF-CI(A))).

Definition 2.5. [13] An Intuitionistic fuzzy (IF) topological space (X,t) is
called mildly normal if for any two IF disjoint regularly closed subsets A
and B of X, there exist two IF open disjoint subsets U and V of X such that
A cUand B € V. ie, any two IF disjoint regularly closed subsets are
separated.

Definition 2.6. [12]An IF topological space (X,t) is called almost normal if
for any two disjoint IF closed subsets A and B of X, one of which is IF
regularly closed, there exist two disjoint IF open subsets U and V of X such
that AcU and BcV.

Definition 2.7. [16]An IF topological space (X,t) is called quasi-normal if
any two disjoint I Fr-closed subsets A and B of X there exist two IF-open
disjoint subsets U and V of X such that AcU and BcV.
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Definition 2.8. An IF space X is said to be IFB —normal [2] if for every pair of
disjoint IF-closed subsets A, B of X, there exist disjoint IFp —open sets U, V of X
suchthat AcUand Bc V.

Definition 2.9. An IF space X is said to be IFzp —normal [8] if for every pair
of disjoint IF-closed subsets A, B of X, one of which is IFn—closed, there
exist disjoint 1Fp—open sets U, V of X such that A cU and B cV.

Definition 2.10. An IF subset A of a IF space X is said to be a IFp-
neighborhood [2] of x if there exists a IF B—open set U such that x e U < A.
Definition 2.11. An IF function f : X - is said to be

(a) 1F-regular open [10] if f(U) is 1F-regular open in Y for every open set U in
X.

(b) IF n-continuous [7] if £1(F) is IFn-closed in X for each IF closed setin Y.
(c) IF pre-B-closed [2] f(F) is IFpB-closed set in for every IF B-closed set Fin X.
(d) 1Fngp continuous [14] if f*(F) is IFngp closed in X for every IF closed
setFinY.

(e) IFngp -irresolute [14] if f *(F) is IFngp -closed in X for every IF -closed set F
inYy.

(f) almost IFp—irresolute [2] if for each x € X and IF B— neighborhood V of f(x)
in Y, IFB-CI(f (V)) is neighborhood of x in X.

3. @gp Normal Spaces

In this section, we introduce the notion of IFzgp -normal space and study
some of its properties.
Definition 3.1. An IF space X is said to be IF=ngp -normal [15]) if for every
pair of disjoint IFngp —closed subsets H and K of X, there exist disjoint IFp—
open sets U, V of X suchthatH c Uand K c V.
Theorem3.1. For an IF topological space X, the following are equivalent:
(@) X'is IFmgp -normal.
(b) For every pair of disjoint IF ngp -open subsets U and V of X whose union is
X, there exist IF B-closed subsets G and H of X such that Gc U,H <V and G UH
=X.
(c) For every IF ngp -closed set A and every IF nigp -open set B in X such that A
c B, there exists a IFp-open subset V of X such that A <V c IFB-CI(V) c B.
(d) For every pair of disjoint IFzgp -closed subsets A and B of X, there exists IF
-open subset V of X such that A <V and IF B-CI(V) nB =0~.
(e) For every pair of disjoint IFngp -closed subsets A and B of X, there exist
IFB-open subsets U and V of X such that A cU, B <V and IF-CI(U)nIFB-CI(V)
=0~.
Proof. (a)= (b) Let U and V be any IFngp —open subsets of a IFngp -normal
space X such that U u V = X. Then, X\ U and X \ V are disjoint IFngp —closed
subsets of X. By IFngp —normality of X, there exist disjoint IF—open subsets
U, and V,; of X suchthat X\Uc U, and X\V c V. LetG=X\U; andH =X

\V,. Then, G and H are IFp—closed subsets in X such that GUH = X.
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(b) = (c). Let A be a IF-ngP —closed and B is IFgp- open subsets of X such that
A cB. Then, An(X\B) = 0~. Thus, X \ A and B are IFagp —open subsets of X
such that (X\A)uB=X. By the Part (b), there exist IF p—closed subsets G and H of
Xsuchthat G <« (X\ A), Hc B and G U H = X. Thus, we obtain that A — (X \
G) cHc B. LetV=X\G. Then V is IFp-open subset of X and IFB-CI(V)cH
as H is IF p—closed set in X. Therefore, A c V cIFB-CI(V) c B.

(c) = (d). Let A and B be disjoint IFngp -closed subset of X.

Then AcX \ B, where X \ B is IFngp -open. By the part (c), there exists a IFp-
open subset U of X such that A cUcIFB-C1(U)c X \B. Thus, IFpc1(U) N
B =0~. (d) = (e). Let A and B be any disjoint IFngp -closed subset of X.

Then by the part (d), there exists a IF B-open set U containing A such that
IFBcl(U) nB = 0~. Since IFB-CI(U) is IFrgp - closed, then it is IF ngp closed.
Thus IFB-CI(U) and B are disjoint IFngp -closed subsets of X. Again by the part
(d), there exists a IFp-open set V in X such that B <V and IFScl(U) nIFBcl(V)
=0~(e)=(a) Let A and B be any disjoint IFzgp -closed subsets of X. Then by the
part (e), there exist IFp-open sets U and V such that AcU, BcV.and IFf-
CI(U)NIFB-CI(V) = 0~. Therefore, we obtain that UnV= 0~.Hence X is IFrgp -
normal.

Lemma 3.1. (a) The image of IF p-open subset under an IF-open continuous
function is IFp-open.

(b)The inverse image of IF p-open subset under an open continuous function is
IFB-open subset.

Lemma 3.2.[15] The image of IF regular open subset under open and closed
continuous function is IF regular open subset.

Lemma3.3. [15] The image of a IFp-open subset under IF-open and IF-closed
continuous function is IFB-open.

Theorem3.2. If f : X —>Y be an IF-open and IF-closed continuous bijection
function and A be a IF ngp -closed set in Y, then f (A) is IF ngp-closed set in X.
Proof. Let A be an IFngp -closed subset of Y and U be any IF n-open subset of X
such that f *(A) cU. Then by the Lemma 3.3, we have f (U) is IFn—open subset
of Y such that A cf(U). Since A is IFagp -closed subset of Y and f(U) is IFt—
open set in Y. Thus IFBcl(A) cU. By the Lemma 3.1 we obtain that f *(A) < f~
L(IFB-cI(A)) cU, where FY(IFB-CI(A)) is B- closed in X. This implies that IFp-
CI(f (A))cU. Therefore, f *(A) is IFngp -closed set in X.

Theorem.3.3. If f: X —Y be an IF- open IF-closed bijective continuous
function and X is IFngp -normal space. Then Y is also IFzgp —normal.
Proof:..Let A and B be any disjoint IFzgp - closed subsets of Y.Then by the
Theorem3.2, f "*(A) and f "(B) are disjoint of IFngp -closed subsets of X. By
IFtgP - normality of X, there exist IF B-open subsets U and V of X such that f~
1(A) c U, f Y(B) <V and U NV = 0~. By assumption, we have A cf(U), B cf
(V) and f(U) n f (V) = 0~. By the Lemma 3.1, f(U) and f(\V) are disjoint IFj-
open subsets of Y such that A <f(U) and Bc f(V). Hence, Y is IFzgp —normal.
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Definition 3.2. An IF function f :X—Y is called strongly IFzgp- open if f (U)e
IF-TIgB- O(Y) for each U €lF-ngp- O(X).
Definition 3.3. An IF function f: X — Y is called strongly IFzgp- closed if f (U)
engp -C(Y) for each U € ngp- C(X).
Theorem 3.4. A IF function f: X — Y is strongly IFzgp closed if and only if for
each IF subset B in Y and for each IFngB-open set U in X containing f ~'(B),
there exists a IFgB-open set V containing B such that f '(V ) c U .
Proof. Suppose that f is strongly IFngp- closed. Let B be a IF subset of Y and
UelFrgB O(X) containing f (B). Put V = Y \f (X\U ), then V is a IFngp -open
setof Y suchthat BcVand f '(V)cU.

Conversely, Let K be any IFngp -closed set of X . Then f ~'(Y \f (K)) € X \K
and X \K € ngp- O(X). There exists a IF ngp -open set V of Y such that Y \f (K)
c Vand f (V) c X \K. Therefore, we have f (K) > Y \V and K c f (Y \V).
Hence, we obtain f (K) = Y \V and f (K) is IFzgp -closed in Y. This shows that f
is strongly IFngp -closed.
Theorem 3.5. If f : X — Y is a strongly IFngp —closed continuous function from a
IFtgp -normal space X onto an IF space Y , then Y is IFrgp -normal.
Proof. Let S; and S; be disjoint IF-closed sets in Y . Then f (S;) and f ~'(S,) are
IF-closed sets. Since X is IFngp -normal, then there exist disjoint IFgp -open sets
U and V such that f 7'(S;) € U and f '(S,) < V . By the previous theorem, there
exist IFngB -open sets A and B such that S; c A, S, € B, f /(A) c U and f "'(B)
c V. Also, A and B are IF disjoint. Thus, Y is IF ngp -normal.
Definition 3.4. A IF functionf : X — Y is said to be almost IFzgp- irresolute
if for each IF point x in X and each IFzgp neighborhood V of f (x), IFrgp -CI(f
“(V)) is a IFngp neighborhood of x.
Lemma 3.4. Let f: X — Y be an IF function. Then f is almost IFzgp irresolute if
and only if f (V) cIF g int(ngP -CI(f ~'(V))) for every V € ngB-O(Y ).
Theorem 3.6. An IF function f : X — Y is almost IFzgp irresolute if and only if
f(IFrgp -CI(U )) cIFzgp CI(f (U )) for every U €IF ngp- O(X).
Proof. (=) : Let U € IFrgp- O(X ). Suppose y € IFrgp-CI(f (U )). Then there
exists V €IFngp O(Y, y) such that V N f (U ) = O~. Hence f '(V ) N U = 0~.
Since U€IFngB-O(X) we have IFngp -int(IFxgp -CI(f '(V ))) N IFagp -CI(U ) =
0~. Then by Lemma 3.4, f (V) N IFxgp CI(U ) = 0~. and hence V N f (ngp -
Cl(U)) = 0~. This implies that yelFzgp CI(U )).

Conversely, If Ve IFrgB O(Y), then M =X\IFngB-CI(f "'(V)) €F ngB-O(X).

By hypothesis, f(IFrgp -CI(M )) cIFrgp -CI(f (M )) and hence X \ IFngp-
int(IFzgp -CI(f '(V))) = IF ngB-CI(M)cIF f ~'(ngB-IFCI(f (M ))) c f '(IF ngp-
CI(F (X \F (V) < f '(IFrgp -CI(Y \W)) = £ /(Y \V) =X \f (V).
Therefore f ' (V)cIFrgp-int(IFxgp -CI(f ~'(V))).
By Lemma 3.4, f is almost IFzgp -irresolute.
Theorem 3.7. If f : X — Y is a strongly IFzgp -open continuous almost IFmgp-
irresolute function from a IFzgP -normal space X onto a IF space Y , then Y is
IFzgp -normal.
Proof. Let A be an IF-closed subset of Y and B be an IF-open set containing A.
Then by continuity of f, f '(A) is IF-closed and f ~'(B) is an IF open set of X such
that
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f '(A) c f /(B). As X is IFzgB -normal, there exists a IFzgB open set U in X
such that f "'(A) c U cIF-ngB-Cl(U) c f !(B) by Theorem 3.1Then, f (f '(A))cf
(U)cf(IFngp -CI(U)) c f (f ~'(B)). Since f is strongly IFngp- open almost IFzgp -
irresolute surjection, we obtain A c f (U ) cIF =g -CI(f (U )) c B.

Then again by Theorem 1 the IF space Y is IFngp -normal.

4. Almost agp -normal spaces

Definition 4.1. An IF space X is said to be almost IFzgp -normal if for each IF
closed set A and each IF regular closed set B such that ANB = 0~, there exist
disjoint g -open sets U and V such that AcU and BcV .

Theorem 4.1. For a IF space X the following statements are equivalent:

1)X is almost IFzgp -normal,

i) For every pair of sets U and V , one of which is IF-open and the other is IF
regular open whose union is X , there exist IF ngp -closed sets A and B such that
AcU,BcVand AuB = X,

iii)For every IF-closed set A and every IF-regular open set B containing A, there
exists a IF- ngP open set V such that AcVc IFagp-CI(V)cB.

Proof. (i) == (ii) : Let U be an IF open set and V be a IF regular open set in an
almost IF ngp -normal space X such that U uV = X . Then (X \U) is a IF-closed
set and (X \V) is a IF regular closed set with (X \U) N(X \V) = 0~. By almost
IFrgp —normality of X, there exist disjoint IFzgp open sets U; and V; such that
X\U cU; and X\V c V. Let A=X\U;and B =X\V;. Then A and B are
IFrgp closed sets such that A ¢ U, BcV and AuB=X.

(i) = (i) : Let A be a IF-closed set and B be a IF regular open set containing A.
Then X \ A is IF open and B is IF regular open sets whose union is X . Then by
(2), there exist IFzgp closed sets M; and M, such that M; € X\ A and M, c B
and M; UM, =X .ThenAc X\M{, X\Bc X\M,and (X\Ml) N (X\Mz):
O~. Let U=X\M;and V = X\ M,.Then U and V are disjoint IFzgp open sets
such that Ac U c X\V c B. As X\ Vis IF ngp closed set, we have IFzgp
Cl(U)cX\V and AcUclFrgp -Cl(U)cB.

(iii) = (i):Let A; and A, be any two disjoint IF closed and IF regular closed sets,
respectively Put D = X \ Ay, then A, N D = 0~. A; ¢ D where D is a IF regular
open set. Then by (3), there exists a IFzgp -open set U of X such thatA; c U cIF
ngB-Cl(U ) c D. It follows that A, € X \ IFagp -CI(U) = V/(say) , then V is IFzgp
-open and U NV = 0~. Hence, A; and A; are separated by IFzgp open sets U and
V . Therefore X is almost IFzgp -normal.

Definition:4.1. An IF function f: X — Y is called i) IF R-Map, [5] if f (V) is an
IF regular open in X, for every IF regular open set VV of Y.

ii) Completely Continuous [3]if f (V) is a IF regular open in X, for every IF open
setVofY.

Theorem 4.2. If f : X — Y is a IF continuous, strongly IFzgp open , IFR-map and
almost IFzgp irresolute surjection from an almost IF ngp -normal space X onto a
IF space Y, then Y is almost IFzgp -normal.
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Proof. Similar to Theorem 3.7

Corollary 4.1: If f : X — Y is a completely IF continuous strongly IF ngp open
and almost IFngp irresolute surjection from an almost IF ngP -normal space X
onto a space Y , then Y is almost g3 -normal.

5. Mildly IFzrgp -normal spaces

Definition 5.1. A IF space X is said to be mildly IFzgp -normal if for every pair
of disjoint IF regular closed sets A and B of X, there exist disjoint tgf-open sets
U and V such that AcU and Bc V.

Theorem 5.1. For a IF space X the following are equivalent:

(1) X is mildly IFzgp -normal,

(ii)For every pair of IF regular open sets U and V whose union is X , there exist
IFngp -closed sets G and H such that GecU , HcV and GUH=X,

(iii)For any IF regular closed set A and every IF regular open set B containing A,
there exists a IF ngp -open set U such that AcUcIF ngp -CI(U)cB,

(iv)For every pair of disjoint IF regular closed sets A and B, there exist IFaGp -
Open sets U and V such that A cU , BcV and IFrgB-CI(U)NIFrgp -CI(V)= 0~.
Proof. Similar to Theorem 3.1.

Theorem 5.2. If f : X — Y is a strongly IF ngP -open IFR-map and almost
IFrgp irresolute function from a mildly IF ngp -normal space X onto a IF space Y
then Y is mildly IFzgp -normal.

Proof. Let A be a IF regular closed set and B be a IF regular open set containing
A. Then by IFR-map of f,f '(A) is a IF regular closed set contained in the IF
regular open set f '(B). Since X is mildly IFzgB normal, there exists a IFzgB open
set VV such that f '(A) cVcIFngp -CI(V)cf ~'(B) by Theorem 8. As f is strongly
IFrgp open and an almost IFzngp irresolute surjection, it implies, f (V)€ElFrgp
O(Y)and A cf (V)cIF ngp- CI(f (V)) €B. Hence Y is mildly IF ngp -normal.
Theorem 5.3 If f: X — Y is IF R-map, strongly IFzgp closed function from a
mildly IFzgp -normal space X onto a IF space Y , then Y is mildly IFzgp -normal.
Proof. Similar to Theorem 3.5

Theorem 5.4. If f: X — Y is a continuous quasi IF- ngP closed surjection and X
is IF wgfB -normal, then Y is IF normal.

Proof. Let V1 and V, be any disjoint IF closed sets of Y. Since f is IF continuous,
f 7'(Vy) and f ~'(Vy) are disjoint IF closed sets of X . Since X is IFngp -normal,
there exist disjoint Uy, U, € ngB O(X ) such that f '(V;) c U for i = 1, 2. Put W,
=Y —f(X—Uj), then Viis IFopenin Y, Vic Wjand f '(W;) c Ui fori=1, 2.
Since U; N U, = 0~, and f is IF surjective, we have W; N W, = 0~. This shows
that Y is IF normal.

Theorem 5.5 Let f: X — Y be a closed ngp -continuous injection. If Y IF ngp -
normal, then X is IFzgP -normal.

Proof. Let Ny and N, be disjoint IF closed sets of X. Since f is a IF Closed
injection, f (N1) and f (N,) are disjoint IF closed sets of Y. By the IFngB-normality
of Y, there exist disjoint V1,V; € IFBO(Y) such that f (N;)cV; fori =1, 2. Since f
is IFngp -continuous, f ~'(V4) and f ~'(V>) are disjoint IFrgB -open sets of X and
N; cf (V) fori=1,2.
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Now, put U; = IF B-Int(f ~'(V;)) for i = 1, 2.Then, U; € IFngp O(X), N; cU; and
U;NU; = 0~. This shows that X is [Fgf -normal

6. Preservation theorems

In this section we investigate preservation theorems concerning IFrgp
normal spaces in intuitionistic fuzzy topological spaces.
Theorem 6.1. If f: X — Y is an almost IFngp -closed injection and Y is mildly
IFtgp -normal respectively, then X is mildly IFzgp normal.
Proof. Let A and B be any disjoint IF regular sets of X. Since f is an almost IF-
ngP -closed injection, f (A) and f (B) are disjoint IF regular ngp-closed sets of Y .
By the mild IFzgp -normality of Y, there exist disjoint IF open sets U and V of Y
such that (A)cU and f (B)cV. Now, put G = IF-Int (IF-CI(U )) and H =IF- Int(IF-
CI(V)), then G and H are disjoint IF regular -open sets such that f (A) c G and
(B) c H . Since f is almost IF ngp -continuous, f *(G) and f *(H ) are disjoint
IFtgP -open sets containing A and B, respectively. It follows from Theorem 5.1
that X is mildly IFzgp -normal.
Lemma 6.1. A surjection f : X — Y is almost IF ngp closed if and only if for
each subset S of Y and each U € IFngp -RO(X ) containing f *(S) there exists
respectively an IFrgB -open set VV of Y suchthatSc Vand f (V) c U.
Proof. Necessity. Suppose that f is almost IFngp -closed.Let S be a subset of Y
and let UEIFngB-RO(X) contain f (S). Put V=Y\f (X\U), then V is a IFngp -
open set of Y such that ScV and f }(V)cU
Sufficiency. Let F be any regular IFngp -closed set of X . Then f (Y \f (F))c(X\
F) and (X \ F) €IF ngP -RO(X). There exists a regular IF ngf -open set V of Y
such that (Y \ f (F))cV and f *(V)c(X\ F). Therefore, we have f (F )2Y \V and
Fcf 1 (Y \V). Hence f(F) =Y \V, and f (F) is regular IFngp closed in Y. This
shows that f is almost IF ngf —regular -closed.
Theorem 6.2. If f: X — Y is a completely IFzgp -continuous almost IFngp -
closed surjection and X is mildly IFzgp normal, then Y is IFzgp -normal.
Proof. Let A and B be any disjoint IF closed sets of Y. Then f "}(A) and f *(B)
are disjoint IF ngp closed sets of X . Since X is mildly IFzgp -normal, there exist
disjoint IF open sets U and V such that f }(A) c U and f (B)cV. Let G=IF-In
(IF-CI(U)) and H=IF-Int (IF-CI(V)), then G and H are disjoint IF regular open sets
such that f }(A) c G and f *(B)cH. By Lemma 6.1, there exist IFzgp -open sets
K and L of Y such that A c K, Bc L, f }(K)cG and f (L) c H. Since G and H
are disjoint, so are K and L,and L are IF ngp -open, we obtain A cIF-int(K ), B
cIF- Int(L) and [IF-Int(K)nIF-int(L)] = O~. This shows that Y is IF g3 -normal.
Corollary 6.1. If f: X — Y is a completely IFngp -continuous ngp, closed
surjection and X is mildly IFzgp -normal, then Y is IF ngB-normal.
Theorem 6.3: Let f : X — Y be an IFrgp,IFR-map (almost ngp -continuous) and
almost IFrgp -regular-closed surjection. If X is mildly IFzgP -normal, then Y is
mildly IFzgp normal.
Proof. Let A and B be any disjoint regular IFngp -closed sets of Y. Then f }(A)
and f “%(B) are disjoint regular IFrgp-closed or IF closed sets of X . Since X is
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respectively mildly IFzgp normal there exist disjoint IF open sets U and V of X
such that f *(A) c U and f }(B) c V. Put G =IF-Int(IF-CI(U )) and H = IF-Int
(IF-CI(V)), then G and H are disjoint IF regular open sets of X such that f *(A)
c G and f }(B) c H . By Theorem 6.2, there exist IF =g - open sets K and L of
Ysuchthat AcK,Bc L, f }K)cGandf L) cH .Since Gand H are
disjoint, so are K and L. It follows from Theorem 4.2 that Y is mildly IF =gp
normal.

Definition 6.1. A function f: X — Y is said to be IF z-irresolute [3] if f *(F) is
IFB-closed in X for every IF B-closed set Fin'Y.

Theorem6.4. If f : X ->Y is IF m-irresolute, IF pre B-closed and A is a IFngp -
closed subset of X, then f(A) is IFrgp -closed subset of Y.

Proof: Since f is IFn-irresolute function, then f "}(U)-IFm-open in X. Since A is
IFrgB-closed set in X and Ac f "(U) then IFBcIX(A) <f *(U).This implies that
f(IFBcIX(A)) < U. Since f is IF pre B-closed and IFBcly(A) is IFp—closed set in
X, then f(IFBcly(A)) is IFB—closed inY. Thus, we have IFBcly(f(A)) cU. Hence,
f(A) is IFrgp -closed subset of Y.

Corollary.6.2. If f: X =Y is IFz-continuous, IF pre B-closed and A is a IFzgp -
closed subset of X, then f(A) is IFzgp closed subset of Y.

Theorem 6.5. If f: X — Y is IFzn-irresolute, IF pre B-closed and IFB-irresolute
injection function from an IF space X to a IF ngp —normal Y, then X is IFzgp -
normal.

Proof. Let A and B be any two disjoint IFrgp closed subsets of X. By the
Theorem 5.2 f(A) and f(B) are disjoint IFzgp -closed subsets of Y. By IFngp -
normality of Y, there exist disjoint IFf3- open subsets U and V of Y such that f(A)
c U, f(B) c V and U NV = 0~ Since f is IFB-irresolute injection function, then f~
Y(U) and f (V) are disjoint IFp-open sets in X such that A < f (U) and B <f -
(V). Hence X is IFrgB -normal.

Corollary 6.3. If f: X — Y is IF w-continuous, IF pre B-closed and IFp-irresolute
injection function from a IF space X to a IF ngp -normal Y, then X is IF ngp -
normal.

Lemma 6.1. If the IF bijection function f: X — Y is IF n—continuous and regular
open, then f is gp -irresolute.

Theorem 6.6. If f : X — Y is ngP —irresolute ,IF pre B-closed bijection function
from a IFzgp -normal space X to a IF space Y, then Y is IFzgp -normal.

Proof. Let A and B be any two disjoint IFrgp -closed subsets of Y. Since f is
IFngp -irresolute, we have f *(A) and f ™ (B) are disjoint IF ngp -closed subsets
of X. By IFngp —normality of X, there exist disjoint IFp-open sets U and V in X
such that f *(A)c U, (B) < V and U NV = 0~ Since f is IF pre B—open and IF
bijection function, we have f(U) and f(V) are disjoint IFf-open sets in Y such that
A cf(U), B c f(V) and f(U) n f(V)=0~. Therefore, X is IFzgp -normal.
Corollary 6.4. If f : X - Y is IFp-continuous, IF regular open and IF pre B-open
bijection function from a IFzgp -normal space X to a IF space Y, then Y is IFngp
—normal.
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Theorem 6.7. If f: X — Y is a IF pre B—open, IF ngP -irresolute and IF almost
B— irresolute surjection function from a IF =gp -normal space X onto a IF space
Y, then Y is IFzgp -normal.

Proof. Let A be a IF ngP —closed subset of Y and B be a IFngp -open subset of Y
such that A cB. Since f is IFngp -irresolute, we obtain that f *(A) is IFngp —
closed in X and f (B) is IFzgp -open in X such that f *(A) < f -1(B). Since X is
IFrgp —normal, then by the Part (c) of the Theorem 3.1, there exists a IFp— open
set U of X such that f* (A) cUcIFBclx(U) cf *(B). Then, f(f'(A)) c f(U)
f(IFBCIX(f(U)) < f(f (B). Since f is IF pre p—open, IF almost B—irresolute
surjection, we obtain that Ac f(U) cIFBcly(f(U)) < B and f(U) is IFB—open set
in Y. Hence by the Theorem 3.6, we have Y is IFzgB —normal.

Definition 6.2. An IF topological space (X, 1) is said to be Strongly IF ngp -
normal [9] if for each pair A, BS X of disjoint IF ngp -closed sets, there exist
disjoint IFrgp-open sets U and V of X such that A€ U and BS V.

Theorem 6.8. For IF topological space (X, 1), the following are equivalent:

(1) (X,7) is IFzgP -normal.

(ii) For every IFngp -closed set A and every IFrgp -open set U containing A, there
is a IF B-clopen set V such that Ac V< U.

Proof.

(i)=(ii). Let A be IFngp -closed and U be IFp-open with AC U. Now, we have
AN (X'\ U)=0~, hence there exist disjoint IFf-open sets W; and W, such that
Ac W; and X\US W,. If V=IFBCI(W,), then V is a IFB-clopen set satisfying Ac
Vc U.

(ii)=(i). Obvious.

Definition 6.3. A IF space (X, 1) is called weakly IF gP -normal if disjoint IFzgp
-closed set can be separated by disjoint closed sets.

Theorem 6.9. If f :(X, 1)—(Y, o)is an IF injective ,IF- contra 3-continuous
always ngp -closed function and (Y, o) is weakly IF ngP -normal, then (X,1) is IF-
ngP -normal.

Proof. Suppose thatA;, A, < Xare lFngB -closed and disjoint. Since fis
always IFngpB -closed and injective, f(A;), f(A2)SY are IF ngp -closed and
disjoint. Since (Y, o) is weakly IF ngp -normal, f(A;) and f(A;) can be separated
by disjoint IF closed setsB;, B,S Y. More over asfis IF contraf-
continuous, A; and A, can be separated by disjoint IF B-open sets f *(By) and f~
(B2). Thus (X,t) is IFgp -normal.

7. Application of Normality

The Property of normality of a topological space is involved in a plenty of
remarkable results. Especially, in proving Urysohn’s Lemma and Tietze extension
theorem. Most spaces encountered in mathematical analysis are normal Hausdorff
spaces, or at least normal regular spaces. Another applications is a
characterization of perfectly normal spaces, which leads to the characterization of
hereditarily normal. To prove the given spaces are metrizable, it is enough to
prove it as normal. An important example of a non-normal topology is given by

65



ADVANCED MATH. MODELS & APPLICATIONS, V.1, N.1, 2016

the Zariski topology, which is used in algebraic geometry. The Sorgenfrey plane,
IS based on the phenomenon that the product of normal spaces is not necessarily
normal. Normality in one of the separation axiom and it plays an important role
in determining duals of spaces of continuous functions ( in functional analysis).
The property of normality is applied in the ideal theory of C*-algebras and related
topics. Normal space is applied in summability theory and artificial neural
networks.

8. Conclusion

The ngp closed sets are used to introduce the concepts ngp -normal space.
Also, the characterization, the preservation & hereditary nature of ngp -normal
spaces have been framed and analyzed. In general, the entire content will be a
successful tool for the researchers for finding the path to obtain the results in the
context of normal spaces in bi topology and can be extended to Functional
Analysis.

By the definitions stated above and in preliminaries. We have the following
diagram:

normal - almost normal — mildly normal
2 \J \J
B-normal — almost B-normal —  mildly B-normal
2 \2

ngp-normal  — almostngp- -normal  — mildly ngf—normal.
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